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Prior slave-particle (SP) methods [1-4]

Electron Ƹ𝑐
Spin መ𝑓

Charge 𝑂

Non-interacting spinon

Interacting auxiliary SP 
(need further approximation)

• Local SP operators defined from Ƹ𝑐𝛼 → መ𝑓𝛼 𝑂𝛼.

Where SP operator 𝑂𝛼 ≡
0 1
𝐶𝛼 0

on SP number basis 𝑁𝛼
𝑠 = 0 , 𝑁𝛼

𝑠 = 1 ensures 

anticommutation relation hold for electrons and spinons for arbitrary gauge number 𝐶𝛼
(calibrated by non-interacting limit in practice). 

• Standard single-site approximation 𝑂𝛼
† 𝑂𝛽 = 𝑂𝛼

† 𝑂𝛽 when 𝛼, 𝛽 are on different sites

Hubbard model 𝐻 = −σ𝑖𝑗𝜎 𝑡𝑖𝑗𝜎 Ƹ𝑐𝑖𝜎
† Ƹ𝑐𝑗𝜎 + σ𝑖𝜎 𝜖𝑖𝜎 ො𝑛𝑖𝜎 + σ𝑖

𝐻𝑖
𝑖𝑛𝑡

Physical indices: Site: 𝑖, 𝑗; Spin: 𝜎, 𝜎′; Greek-letter combine site and spins: 𝛼 ≡ 𝑖𝜎

Hilbert space  ℋ → ℋ𝑓 ⊗ℋ𝑠

Decouple spin and charge

Better SP operators

With local SP operators, hopping operator 𝑶𝜶
† 𝑶𝜷 + 𝒉. 𝒄. unphysically changes particle 

number by ±𝟐. 
We introduce novel nonlocal SP operators defined on bonds, where additional bond index 
𝛼𝛽 is added into the SP operators. 

Ƹ𝑐𝛼
† Ƹ𝑐𝛽 → መ𝑓𝛼

† መ𝑓𝛽 𝑂𝛼 𝛼𝛽
† 𝑂𝛽 𝛼𝛽

With this framework, all unphysical hoppings are now forbidden by the simple constraints 
𝐶𝛼 𝛼𝛽 + 𝐶𝛽 𝛼𝛽 = 0 on each bond 𝛼𝛽 .

Better approximation to SP problem
Single-site method predicts a wrong Mott transition in 1D half-filled Hubbard model.

Shown above is the Hubbard dimer calculated with single-site SP method (energy in units of 
hopping 𝑡) as a function of interaction strength 𝑈/𝑡.  Single-site method predicts a wrong 
Mott transition at 𝑈 = 8𝑡, which is absent in exact diagonalization (ED).

We introduce a new cluster SP method based on the expansion of the SP lattice density 
matrix into a set of overlapping clusters in real space. 
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Where 𝑖, 𝑘 are site indices and 𝐶 is the cluster index. A good choice of cluster is a 𝑑𝑝𝑑 cluster 
marked by dashed ellipse below in a 𝑑𝑝 model, where 𝑑-sites are in red and 𝑝-sites are in 
blue.  Our method reproduces the exact ED results for a Hubbard dimer cluster. 

Interacting density matrix

Local approximation:
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Non-local correction in clusters:
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ෝ𝝆𝒌• No averaged bath
• No left out chemical bonds

Minimization problem with constraints

With constraints:

• Number matching between spinon and SP ො𝑛𝛼 𝜌𝑓 =
𝑁𝛼 𝜌𝑠

Gauge constraints:

• Spinons recovers electrons in non-interacting limit 𝑂𝛼 𝛼𝛽
† 𝑂𝛽 𝛼𝛽

𝜌𝑠

= 1

• Unphysical hoppings are forbidden: 𝐶𝛼 𝛼𝛽 + 𝐶𝛽 𝛼𝛽 = 0

Cluster SP theory in one-dimensional 𝒅𝒑 model:
• Straightforward implement of translational symmetry in non-interacting 

spinon by 𝑘-sampling
• Remarkable accuracy comparing with density matrix renormalization 

group (DMRG) benchmark (using ITensors package [5])
• Great improvement to previous SP methods [1-4] based on single-site 

approximation (using BoSS software [6])

Minimize total energy:
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ℎ𝑖𝜎𝒞: Lagrange multipliers
ℎ𝛼′: symmetry breaking field and Lagrange multipliers
𝑀𝑖 (or 𝑀𝛼): the number of clusters containing site 𝑖

Self-consistent effective Hamiltonians

𝐻𝑓 = −

𝛼𝛽

𝑡𝛼𝛽 𝑂𝛼 𝛼𝛽
† 𝑂𝛽 𝛼𝛽

𝜌𝑠

መ𝑓𝛼
† መ𝑓𝛽 +

𝛼

(𝜖𝛼 + ℎ𝛼′) ො𝑛𝛼

𝐻𝒞 = − 

𝛼𝛽

𝛼𝛽 ∈𝒞

𝑡𝛼𝛽 መ𝑓𝛼
† መ𝑓𝛽 𝜌𝑓

𝑂𝛼 𝛼𝛽
† 𝑂𝛽 𝛼𝛽

− 

𝛼𝛽
𝛼∈𝒞,𝛽∉𝒞

𝑡𝛼𝛽

𝑀𝛼
𝑓𝛼
†𝑓𝛽 𝜌𝑓

𝑂𝛽 𝛼𝛽
†

𝜌𝛼

𝑂𝛼 𝛼𝛽 + ℎ. 𝑐.

+ 

𝑖|𝑖∈𝒞

1

𝑀𝑖
𝑈𝑖𝑁𝑖↑𝑁𝑖↓ +

𝜎

ℎ𝑖𝜎𝒞𝑁𝑖𝜎

Non-interacting spinon

Interacting auxiliary SP in clusters

Tests on one-dimensional 𝒅𝒑 model
𝑼 𝑼 𝑼
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𝝐𝒅 𝝐𝒑 𝝐𝒅 𝝐𝒑 𝝐𝒅

Onsite energy 𝜖𝑑 − 𝜖𝑝 = 2𝑡

Number of electrons 
𝑁𝑒 = 𝑁𝑑−𝑠𝑖𝑡𝑒𝑠 + 2𝑁𝑝−𝑠𝑖𝑡𝑒𝑠

Self-consistent hopping renormalization factors:

𝑂𝛼 𝛼𝛽
† 𝑂𝛽 𝛼𝛽

𝜌𝑠

, 𝑂𝛽 𝛼𝛽
†

𝜌𝛼

, መ𝑓𝛼
† መ𝑓𝛽 𝜌𝑓

Ground state energy 
per  four-site unit 
cell in unit of 𝑡
(2 𝑑- and 2 𝑝-sites)

𝑑-site occupancy 
ො𝑛𝑑 = ො𝑛𝑑↑ + ො𝑛𝑑↓

𝑑-site double 
occupancy

𝐷 = 𝑁𝑑↑ 𝑁𝑑↓ 𝜌𝑠

Calculations performed on a 64-site 𝑑𝑝 system with PBC
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Future directions
• Higher dimensional systems 
• Multiple orbitals on each site
• Excited states and time evolution 
• More observables: spectrums, correlations etc.

Workflow
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